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1. Introduction
In recent years, several authors 1–10 have given considerable attention to Hilbert’s type
inequalities and their various generalizations. In particular, in 1, Pachpatte proved some
new inequalities similar to Hilbert’s inequality 11, page 226 involving series of nonnegative
terms. The main purpose of this paper is to establish their general forms.
2. Main Results
In 1, Pachpatte established the following inequality involving series of nonnegative terms.
Theorem A. Let p ≥ 1, q ≥ 1, and let {am} and {bn} be two nonnegative sequences of real numbers


















































We first establish the following general form of inequality 2.1.
Theorem 2.1. Let p ≥ 1, q ≥ 1, t > 0, and 1/α  1/β  1, α > 1. Let {am1,...,mn}, and {bn1,...,nn}
be positive sequences of real numbers defined for mi  1, 2, . . . , ki, and ni  1, 2, . . . , ri, where
ki, ri i  1, . . . , n are natural numbers. Let Am1,...,mn 
∑m1
s11
· · ·∑mnsn1 as1,...,sn , and Bn1,...,nn ∑n1
t11
















m1 · · ·mnβ  n1 · · ·nnαt












































k1, . . . , kn, r1, . . . , rn, p, q, α, β
)
 pqk1 · · · kn1/αr1 · · · rn1/β. 2.4
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αt1/β
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Dividing both sides of 2.9 by m1 · · ·mnβ  n1 · · ·nnαt/αβt1/β, summing up over ni from
1 to ri i  1, 2, . . . , n first, then summing up overmi from 1 to ki i  1, 2, . . . , n, using again
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This completes the proof.

















































Taking t  1, and changing {am1,m2}, {bn1,n2}, {Am1,m2}, and {Bn1,n2} into {am}, {bn}, {Am}, and
{Bn}, respectively, and with suitable changes, 2.11 reduces to Pachpatte 1, inequality 1.
In 1, Pachpatte also established the following inequality involving series of nonneg-
ative terms.
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Theorem B. Let {am}, {bn}, Am, Bn be as defined in Theorem A. Let {pm} and {qn} be positive





t1 qt. Let φ and ψ be real-valued, nonnegative, convex, submultiplicative functions


















































Inequality 2.12 can also be generalized to the following general form.
Theorem 2.3. Let {am1,...,mn}, {bn1,...,nn}, α, β, t, Am1,...,mn , and Bn1,...,nn be as defined in Theorem 2.1.
Let {pm1,...,mn} and {qn1,...,nn} be positive sequences for mi  1, 2, . . . , ki, and ni  1, 2, . . . , ri i 
1, 2, . . . , n. Define Pm1,...,mn 
∑m1
s11
· · ·∑mnsn1 ps1,...,sn , and Qn1,...,nn 
∑n1
t11
· · ·∑nntn1 qt1,...,tn . Let φ













m1 · · ·mnβ  n1 · · ·nnαt
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where 1/α  1/β  1, α > 1, b > 0, a > 0, and t > 0,we have
φAm1,...,mnφBn1,...,nn ≤
(
m1 · · ·mn
αt1/β

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Dividing both sides of 2.19 by m1 · · ·mnβ  n1 · · ·nnαt/αβt1/β, and summing up over ni
from 1 to ri i  1, 2, . . . , n first, then summing up over mi from 1 to ki i  1, 2, . . . , n, using

















































































































































































The proof is complete.
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Taking t  1, and changing {am1,m2}, {bn1,n2}, {Am1,m2}, and {Bn1,n2} into {am}, {bn}, {Am}, and
{Bn}, respectively, and with suitable changes, 2.21 reduces to Pachpatte 1, Inequality  7.
Theorem 2.5. Let {am1,...,mn}, {bn1,...,nn}, {pm1,...,mn}, {qn1,...,nn}, Pm1,...,mn , and Qn1,...,nn , α, β, t, be as




















for mi  1, 2, . . . , ki, and ni  1, 2, . . . , ri i  1, 2, . . . , n, where ki, ri i  1, . . . , n are natural












m1 · · ·mnβ  n1 · · ·nnαt
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Proceeding now much as in the proof of Theorems 2.1 and 2.3, and with suitable modifica-
tions, it is not hard to arrive at the desired inequality. The details are omitted here.
Remark 2.6. In the special case where j  1, t  1, α  β  2, and n  1, Theorem 2.5 reduces to
the following result.
Theorem C. Let {am}, {bn}, {pm}, {qn}, Pm,Qn be as defined in Theorem B. Define Am 
1/Pm
∑m
s1 psas, and Bn  1/Qn
∑n
t1 qtbt for m  1, . . . , k, and n  1, . . . , r, where k, r are

























This is the new inequality of Pachpatte in [1, Theorem 4].
Remark 2.7. Taking j  1, t  1, pm  1, qn  1, α  β  2, and n  1 in Theorem 2.5, and in view
of Pm  m,Qn  n, we obtain the following theorem.
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Theorem D. Let {am}, {bn} be as defined in Theorem A. Define Am  1/m
∑m
s1 as, and Bn 
1/n
∑n
t1 bt, for m  1, . . . , k, and n  1, . . . , r, where k, r are natural numbers. Let φ and ψ be
























This is the new inequality of Pachpatte in [1, Theorem 3].
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